Abstract. It is shown that the right shift semigroup on L 2 (R + ) does not satisfy the weighted Weiss conjecture for α ∈ (0, 1). In other words, α-admissibility of scalar valued observation operators cannot always be characterised by a simple resolvent growth condition. This result is in contrast to the unweighted case, where 0-admissibility can be characterised by a simple growth bound. The result is proved by providing a link between discrete and continuous α-admissibility and then translating a counterexample for the unilateral shift on H 2 (D) to continuous time systems.
Introduction
In this paper infinite dimensional linear systems of the form (1)ẋ (t) = Ax(t), x(0) = x 0 , t ≥ 0, y(t) = Cx(t), t ≥ 0, are studied. The operator A is the generator of a C 0 -semigroup on a Hilbert space X and C ∈ L(D(A), Y ) is an observation operator taking values in another Hilbert space Y . The reason for considering this abstract framework is that many different linear systems can be written in the form (1) and hence, results proved about the abstract system have the potential to be applied to a wide range of examples. Indeed, there is much literature describing how certain PDEs can be written in this abstract form, for example, see [14, 15, 16, 19] . In order to be able to consider a larger class of linear systems, the observation operator C may be assumed to be unbounded. The assumption C ∈ L(D(A), Y ) means that there exists a constant k > 0 such that
x ∈ D(A).
Unfortunately, allowing C to be unbounded means that the output map (y(t)) t≥0 may not be well defined, since the solution x(t) = T (t)x 0 to (1) may not always be contained in D(A). To avoid this situation it is often assumed that C is admissible for A in the sense that there exists a constant M > 0 such that
If C is admissible for A then the map Ψ : D(A) → L 2 (R + , Y ) given by (Ψx 0 )(t) := CT (t)x 0 , t ≥ 0 extends to a bounded linear operator on the whole space X and if this is the case the output map can be interpreted as y = Ψx 0 . Admissibility of observation operators is a well studied concept (see e.g. [14, 16, 18] ) and an excellent overview of the subject can be found in [8] .
In [4] a generalisation of admissibility is introduced. An observation operator C is said to be α-admissible for A if there exists a constant M > 0 such that
It is shown in [4] , see also [3] , that if C is α-admissible for A then (4) sup
This observation was first made in the case α = 0 by George Weiss in [20] where he conjectured that the converse statement ((4) ⇒ (3) for α = 0) was also true. This problem received much attention and was shown to be false in general [5, 9, 10, 11] , but true in a number of interesting cases. For example, in the case α = 0, if C is a scalar valued observation operator then it has been shown that (4) ⇒ (3) if:
A is a normal operator generating a bounded C 0 -semigroup [21] ; A generates the right-shift semigroup [12] on L 2 (R + ); and if A generates a contractive C 0 -semigroup [7] .
For α ∈ (−1, 1), the question of whether (4) implies (3) is known as the weighted Weiss conjecture. It was shown in [4] that if A generates a bounded analytic C 0 -semigroup, then α-admissibility of any observation operator C ∈ L(D(A), Y ) is equivalent to (4) if and only if A If A is a normal operator generating a bounded C 0 -semigroup then: if α ∈ (0, 1), properties (3) and (4) are equivalent for any scalar valued observation operator [22] ; but for α ∈ (−1, 0), there exist normal semigroup generators and scalar valued observation operators [23] for which (4) ⇒ (3).
The main result of this paper, Theorem 3.1, concerns the right shift semigroup on L 2 (R + ) given by
There are two important reasons for studying admissibility of (5) . First, the behaviour of the weighted Weiss conjecture is known for normal operators [22, 23] and (5) is one of the simplest non-normal operators. Second, the fact that (5) satisfies the unweighted Weiss conjecure (i.e. (4) ⇒ (3) if α = 0) is the vital step in proving that the unweighed Weiss conjecture is true for all contractive C 0 -semigroups [7] . For α ∈ (0, 1), the behaviour of the weighted Weiss conjecture for (5) is in contrast to the unweighted case α = 0: it is shown in Theorem 3.1 that there exist scalar valued observation operators for which (4) ⇒ (3). To help prove Theorem 3.1 it will be shown in §2 that for α ∈ (0, 1), α-admissibility can be linked to the concept of discrete α-admissibility studied in [6, 22, 23] .
If X and Y are Hilbert spaces and
It is shown in [22] that if α ∈ (−1, 1) and (6) holds then (7) sup
and it is again natural to attempt to determine the class of operators (D, T ) for which the reverse implication (7) ⇒ (6) holds. The question of whether this implication holds for certain types of operator is known as the discrete weighted Weiss conjecture. In the case α = 0, it is shown in [6] that (7) ⇒ (6) for any scalar valued observation operator D ∈ L(X, C). Furthermore, this was shown to be directly equivalent to the fact that (3) ⇔ (4) for generators of contractive C 0 -semigroups and scalar valued observation operators C ∈ L(D(A), C).
In the case α ∈ (0, 1), it is shown in [22] that the question of whether (7) ⇔ (6) for normal operators T is equivalent to the problem of whether (4)⇔ (3) for normal C 0 -semigroup generators A. However, since the right-shift semigroup is not a normal operator, this result cannot be applied here. For this reason §2 of this paper will show how to relate continuous α-admissibility to discrete α-admissibility if T is any contraction operator and A generates a contractive C 0 -semigroup. This result will then be applied in §3 to translate a discrete time counterexample from [23] to the right-shift semigroup.
Translating α-admissibility
It is shown in [22] that discrete α-admissibility is closely related to the weighted Bergman space A 
where dA(z) is Lebesgue area measure on D. The reproducing kernels k
where α (0) := 1 and
Continuous α-admissibility is related to the weighted Bergman space A 2 α−1 (C + ), which contains those analytic functions F : C + → C for which
The reproducing kernels for A 
where Mz :
The following identity will also be useful.
The following proposition appears in [22] for scalar valued observation operators, but it is not difficult to extend it to apply to observation operators of the form 
Proof. If (4) holds there exists a constant k > 0 such that for any λ ∈ C + ,
It follows from (10), (11) and (12) that for any ω ∈ D,
Therefore,
Hence, for any ω ∈ D,
Now, setting x = 1 − (1 − |ω|)s implies that
It is now possible to deduce information about the continuous weighted Weiss conjecture from information about the discrete weighted Weiss conjecture. Theorem 2.3. Let α ∈ (0, 1). Suppose that A is the generator of a contractive C 0 -semigroup on a Hilbert space X and let T :
Proof. Suppose that Y is a Hilbert space and C ∈ L(D(A), Y ). If (A, C) satisfy (4), Proposition 2.2 implies that (D, T ) satisfy (7), where D := C(I − A)
−(1+α) . By assumption, it follows that D is discrete α-admissible for T and Lemma 2.1 implies that C is continuous α-admissible for A.
Given a pair of operators (T, D) related to a discrete time system, the obvious way to link them to a pair of continuous time operators is to assume that T is a cogenerator.
Definition 2.4.
A contraction operator T on a Banach space X is said to be a cogenerator of a contractive C 0 -semigroup if there exists a semigroup generator A on X for which
Not all contractive operators T are cogenerators of semigroups. Indeed, it is shown in [17] that a contraction operator T ∈ L(X) is a cogenerator of a contractive C 0 -semigroup if and only if −1 is not an eigenvalue of T .
The following results concerning fractional powers of operators will be needed in order to link the continuous and discrete weighted Weiss conjectures. The author would like to thank Bernhard Haak for pointing out the following lemma. Lemma 2.6. Let α ∈ (0, 1) and suppose that A is the generator of a contractive C 0 -semigroup on a Banach space X. Then for any constant a ≥ 0 and any x ∈ X,
Fix a constant a ≥ 0. Then R(λ + a, A)x = (λ + a)R(λ + a, A) 2 x − R(λ + a, A) 2 Ax and it follows from (15) that
An application of Lemma 2.5 gives
Hence,
and by (16) ,
Since the set {λ
for any x ∈ X.
Lemma 2.7. Let α ∈ (0, 1). Suppose that T ∈ L(X) is a contractive operator on a Hilbert space X, that is the cogenerator of a contractive C 0 -semigroup. Then for any x ∈ X,
Proof. Since T is a semigroup cogenerator, there exists a generator A of a C 0 -semigroup such that T = (I + A)(I − A) −1 . A simple calculation shows that for any ǫ > 0,
and the result follows from Lemma 2.6.
In order to link the continuous and discrete weighted growth bounds, it is necessary to temporarily introduce two families of observation operators. If D ∈ L(X, Y ) and T ∈ L(X) is a contraction, define for ǫ > 0,
Proposition 2.8. Let α ∈ (0, 1) and let X and Y be Hilbert spaces. Suppose that A is the generator of a contractive C 0 -semigroup on X, with cogenerator T = (I + A)(I − A)
Proof. By Lemma 2.7 and the uniform boundedness theorem, there exists a constant k > 0 such that
Then since (7) holds,
sup ǫ>0,ω∈D
Recalling (8) , it follows that for any ω ∈ D,
By the above inequality and (17),
and using (10) and (11) in the same way as in the proof of Proposition 2.2, it can be shown that
By Lemma 2.5,
1+α y and hence,
where the last line follows from Lemma 2.7. Since x ∈ D(A), there exists y ′ ∈ X such that x = R(1, A)y ′ and hence,
It is easy to show that D(A)∩Ran(R (1, A) 1+α ) is dense in the space (D(A), · D(A) ) and hence, it follows from (21) and (22) Theorem 2.9. Let α ∈ (0, 1). Suppose that T ∈ L(X) is a contractive operator on a Hilbert space X, which is the cogenerator of a C 0 -semigroup (T (t)) t≥0 . Let A be the generator of (T (t)) t≥0 . Then if (4) ⇒ (3) for each observation operator C ∈ L(D(A), Y ), it follows that (7) ⇒ (6) for each observation operator D ∈ L(X, Y ). is the generator of the C 0 -semigroup (Q(t)) t≥0 given by (26) and a simple calculation shows that S = (I + B)(I − B)
Hence, S is the cogenerator of (Q(t)) t≥0 . By ( [23] , Theorem 3.8), there exists an observation operator D ∈ H 2 (D) * which satisfies (7) but for which D is not discrete α-admissible for S. By Theorem 2.9, there existsC ∈ L(D(B), C) for whichC is not continuous α-admissible for B, but (B,C) satisfy (4). The result follows since the weighted Weiss conjecture is preserved under unitary equivalence and (Q(t)) t≥0 is unitarily equivalent to the right shift semigroup (23) .
